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Exact formulas are derived for the thermoelasticity constants of mac- 
roscopically homogeneous polycrystals. A method described earlier [1] 
is used as the basis. It is assumed that the local parameters form an 
ergodic homogeneous random field. No restriction is imposed on the 
degree of anisotropy of the crystais. 

1. The f ie ld  of t h e r m o e l a s t i c  d i s p l a c e m e n t s  uj(r)  in 
an inhomogeneous  e l a s t i c  m e d i u m  at equ i l i b r i um,  in 
the  a b s e n c e  of body f o r c e s ,  is  d e t e r m i n e d  by the s y s -  
tern of equat ions  of t h e r m o e l a s t i e i t y  [2] 

o ( ~ , ~  o~ ~ o (1.1) 
a~-~ o ~  --~ ( ~ 0 )  = 0 �9 

Here ,  O(r) is  the  t e m p e r a t u r e  i n c r e m e n t  r e l a t i v e  
to s o m e  in i t i a l  s ta te ;  ?'jkJm (r) is  the e l a s t i c i t y - c o n -  
s tant  t en so r ;  fijk(r) is  the  t h e r m o e l a s t i c i t y - c o n s t a n t  
t e n s o r ,  which is  l inked to the t h e r m a l - e x p a n s i o n  co -  
e f f ic ien t  t e n s o r  CZjk by the r e l a t i o n / ? j k  = k j k l m a l m .  
The convent ion of s u m m a t i o n  ove r  the dummy ind ices  
is  u sed  i n E q .  (1.1) a n d b e l o w ;  r - ~ x i ,  xz, x~. In the 
c a s e  of a p o l y c r y s t a l ,  

w h e r e  #c~76  and T6~ a r e  the  componen t s  of the c o r r e -  
sponding t e n s o r s  in the  c r y s t a l l o g r a p h i c  axes  and c j a  
is  a m a t r i x  for  t r a n s f o r m a t i o n  to the l a b o r a t o r y  c o o r -  
d ina te  s y s t e m .  The t e n s o r  components ,  and a l so  the  
d i s p l a c e m e n t s ,  s t r e s s e s ,  e t c . ,  undergo  d i s con t i nu i t i e s  
at the g r a i n  b o u n d a r i e s .  Below, t h e r e f o r e ,  we sha l l  
t r e a t  the p a r a m e t e r s  that  en t e r  Eq. (1.1) and s u b s e -  
quent f o r m u l a s  as  g e n e r a l i z e d  funct ions .  The f inal  
f o r m u l a s  wi l l  not conta in  o p e r a t i o n s  on g e n e r a l i z e d  
funct ions .  

Let  the  s c a l e s  of inhomogene i ty  and c o r r e l a t i o n  be 
s m a l l  in c o m p a r i s o n  with the  s i ze  of a p o l y c r y s t a l ,  and 
le t  i t s  p r o p e r t i e s  be s t a t i s t i c a l l y  homogeneous .  Then 
the p o l y e r y s t a l  can be c o n s i d e r e d  unbounded,  and the 
e l a s t i c i t y  cons t an t s  Xjk l m ( r )  and t h e r m o e l a s t i c i t y  
cons tan t s  fijk(r) can be c o n s i d e r e d  as  f o r m i n g  a homo-  
geneous  r andom f ie ld .  I n a  m a c r o s c o p i e a l l y  h o m o g e -  
neous  s t r e s s e d - s t r a i n e d  s t a te ,  t h e t e m p e r a t u r e ,  s t r e s s ,  
and s t r a i n  f i e lds  a r e  a l so  homogeneous  (the d i s p l a c e -  
m e n t s  fo rm  a f ie ld  with homogeneous  i n c r e m e n t s ) .  In 
th is  ca se ,  s t o c h a s t i c  bouf ldary condi t ions  can be brought  
into a g r e e m e n t  with Eq. (1.1) by r e q u i r i n g ,  for  e x a m -  
p ie ,  that  the m a t h e m a t i c a l  expec t a t i ons  of the  s t r a i n s  
be equal  to spec i f i ed  cons tan t  va lues .  Let  us se t  up 
t h e s e  condi t ions  for  the  components  of the d i s p l a c e m e n t  
g r a d i e n t  

<Ou~ I Ox~> = p ~  (1.3) 

(angular brackets indicate the operation of averaging). 
The macroscopic elasticity and thermoelasticity con- 

s t an t s ,  which a r e  denoted by Xjklm and/3jk,  a r e f o u n d  
f rom the condi t ion of equal i ty  of the m a t h e m a t i c a l  ex-  
pe c t a t i ons  of the  t h e r m o e l a s t i c  s t r e s s e s  in a p o l y e r y s -  
ta l  and an equiva lent  homogeneous  medium:  

< kj~l~ Ou~ = k *~ / Our \ 

The p r o b l e m  c o n s i s t s  in f inding a g r a d i e n t  du j /dxk  
that  s a t i s f i e s  Eq. (1.1) and addi t ional  condi t ions  (1.3) 

, 
and in ca lcu la t ing  the m a c r o s c o p i c  cons tan t s  X j k l m  

and fij*k f rom (1.4). 
We shal l  denote  the m a t h e m a t i c a l  expec t a t i ons  of 

the p a r a m e t e r s  by one p r i m e  and t h e i r  f luc tua t iona l  
components  by a double p r i m e .  F o r  example ,  

~;~,~ = < ~ l ~ > ,  ~ ;  = < ~ > .  (1.5) 

We in t roduce  G r e e n ' s  t e n s o r  Gjk(r  , r 1) for  a homo-  
geneous  e l a s t i c  med ium with cons tan t  Xiklr  n. This  t en -  
so r  s a t i s f i e s  the  equat ion 

~'j~Im O'Gln (r, rl) 
O~Oxm = -- 6j~6(r- -  rO, 

w h e r e  6in is the K r o n e c k e r  symbol  and 6 ( r -  r l) is  a 
h t t e e - d i m e n s i o n a l  de l t a  function.  Equat ion (1.1) and 

condi t ions  (1.3) c o r r e s p o n d  to the  s y s t e m  of equat ions  

u i ( r )__ lGB( r ,  , O I , "  , ,Oun(r:,) 

- -  ~l~ (rl) 0 ( h ) l  d h  = pjexk (1.6) 

(dr~ : dxl, dx2, dx3; integration is over the entire space). 
If we differentiate (1.6) term by term and transform 
the integral using the Gauss theorem, we arrive at a 
system of linear integral equations in the gradient 

duj /dxk:  

O~j(r) ~ - - ~  (~) [~,~z~" ~r q- ~) ou~ (r + .~) 

- -  ~z~(r + ~)O (r + 0 ) l d  0 = pj~. 

The macroscopic elasticity constants were deter- 
mined in [1]. Therefore, we shall limit ourselves to 
determination of the macroscopic thermoelasticity 
constants, letting all Pjk = 0. System (1.7) is solved 
by the iteration method: 

~ O~Gjc 1 (pl) 
Ox k . . . .  

O~G~N~ x %v) Z.ol,.a~:~ ( r + ~ )  . . . 
. .  O~.v2vO~a N 
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�9 . .~s ~ 1 ~ -  �9 - -  - ~  

'�9 t +lt~-t) ~Na~( r T ~ + . .  �9 + ~ )  • 

• O(r-t- ~ + - �9 �9 + ~N) d~t" �9 .d~N�9 

Let  us  subs t i t u t e  the  r e s u l t  into the  lef t  s ide  of 
(i .4): 

< ) ~ m  Ou~ R a \  0">  

~,  ~ ~ O~Ga,c, (.~1) OgGaN cN (PN) <~j[a,b. (0)�9149 -.�9 0 % , 0 ~ ,  " '"  0 ~ 0 ~  

~ , " ~ - , a ~ - ~ s  (0~ + . . .  + 

+ ~ -~)  Ps  (0, + �9 .- + ~ ) o  (~, + . . .  

�9 . . + t ~ ) > d ~ . . . d ~ N .  ( 1 . 8 )  

The m a c r o s c o p i c  t h e r m o e l a s t i c i t y  cons tan t s  /?*k a r e  
equal  to the  r igh t  s ides  of f o r m u l a s  (1.8) wi th  oppos i t e  
s ign  d iv ided  by (0>. Hence,  

= " ' , )O~O~d~ " "  O~b~O~aN " . 

. . . .  ~ s  ~ ( ~  + "  �9 �9 + ON-O x 

x f~v"~N ( ~  + "  �9 �9 + ~ )  0 (~, § . . .  

<,a[0"> 
�9 �9 �9 + ~ v ) >  d ~ t .  �9 �9 d~z~. + <0> ( 1 . 9 )  

2�9 Thus,  the m a c r o s c o p i c  t h e r m o e l a s t i c i t y  cons t an t s  
a r e  e x p r e s s e d  in t e r m s  of the mixed  m o m e n t s  of the  
loca l  e l a s t i c i t y  and t h e r m o e a l s t i c i t y  cons t an t s ,  and 
a l so  in t e r m s  of the  f luc tua t ions  of the t e m p e r a t u r e  
f i e ld  (the l a t t e r  a r e  funct ions  of the  f luc tua t ions  of the  
t h e r m a l  conduct iv i ty  coef f ic ien ts ) �9  F o r  the s t a t e  of 
t h e r m o d y n a m i c  equ i l i b r i um,  0 = cons t ,  F o r m u l a  (1.9) 
can  be w r i t t e n  as  

K;:, = ~i.: + <~;*> (2.1) 

w h e r e  fi~t~(r) is  a so lu t ion  of the  s y s t e m  of l i n e a r  i n t e -  
g r a l  equa t ions  

~ ( r ) =  

:" E'Gac (p) = X~;[a~ (r) ~ ~ [~ca**(r + ~) + ~ ( r . +  ~)] d~. (2.2) 

Let  us  f ind a so lu t ion  of s y s t e m  {2.2) for  s t r o n g l y  
i s o t r o p i c  p o l y c r y s t a l s  (in the  s e n s e  of the  def in i t ion  
in t roduced  in [1]). F o r  th i s  c a s e ,  

~;,: -= ~06~,~. (2.3) 

w h e r e  X 0 and #0 a r e  Lam~ coe f f i c i en t s  and fl0 i s  the  
coef f ic ien t  of t h e r m a l  expans ion ,  which a r e  found wi th-  
out a l lowance  for  c o r r e l a t i o n  c o r r e c t i o n s � 9  The e x p r e s -  
s ion  for  G r e e n ' s  t e n s o r  has  the  f o r m  

1 [~i~" 5 0~ \ 6~k (~) . . . . .  ----g - -  

o = [ r - - h i =  (~)'"~, g = 5 ~o+2~o lo(t--~o)" 

Here ,  g is a cons tant  for  the  m a t e r i a l .  
The jo in t  c o r r e l a t i o n  funct ions  for  the  e l a s t i c i t y  and 

t h e r m o e l a s t i c i t y  cons tan t s ,  and a lso  of the a u x i l i a r y  
va lues  ~t~ of a s t rong ly  i s o t r o p i c  med ium a r e  funct ions  
only of t~e abso lu te  va lues  of the d i s t a n c e s  be tween  
the po in ts ,  Let  

<~'j'l:a~bz ( r ) . . .  ~CN_ldN_la2c/bN ( s  ( r  q -  ~)> = 

= ?y ,~ . . .  ~ (P) 

<~,~.~( ' �9 ~i~-~ . . . .  ** r , ~ _ ~ - ~ ( ~ (  ~ ~)>= 

%~"~...~s*v (P). (2.5) 

In the  new symbo l s ,  Eqs.  (2.2) a f te r  ave rag ing  take  
the  fo rm 

<~/;> =ix%(~ , 
(2.6) 

The method of so lv ing  Eqs.  (2.2), which is  b a s e d  
on r e c u r r e n c e  f o r m u l a s ,  is  d e s c r i b e d  in de ta i l  in [1]. 
The f inal  r e s u l t  has  the fo rm 

co 

,L , 
~v=l (2.7) 

The g e n e r a l  t e r m  of s e r i e s  (2.7) is  e x p r e s s e d  in 
t e r m s  of the s i ng l e -po in t  mixed  c o r r e l a t i o n  t e n s o r s  
of the e l a s t i c i t y  and t h e r m o e l a s t i c i t y  cons tan t s  as  fo l -  
lows: 

[j}N) I N ,, 

. . .  ~(,22V_X b2N_lao.N I,2N~afNb2N > 

~ e a  = (1 - -  2g) 6~,~6~e - -  gSa~6~e �9 (2.8) 

Here ,  ~abcd is  an i s o t r o p i e  t e n s o r  of r ank  four ,  
which is  a funct ion of g, a c c o r d i n g  to f o r m u l a  (2.4). 

3. In the c a s e  of a s t rong ly  i s o t r o p i c  p o l y c r y s t a l ,  
the  t e n s o r s  Xjk/m and fijk a r e  r e l a t e d  to the componen t s  
P j k / m  and Yjk in c r y s t a l l o g r a p h i c  c o o r d i n a t e s  by f o r -  
m u l a s  (1.2). We in t roduce  the s y m b o l s  

Then,  the f luc tua t iona l  componen t s  of t e n s o r s  
Xjk lm and fijk a r e  d e t e r m i n e d  by f o r m u l a s  s i m i l a r  to 
(1.2): 

)~j[~,~ = c j ~ c t , ~ c a c ~ p , ' ~ ,  ~j; = c j ~ c a y d .  (3 �9 

Using expressions (3.2), let us calculate the mixed correlation 
tensors in formula (2.8). 

%2o,~o~,o~?~o~... %N_~_~o~N~s > = 

< c.j~ ~%cz2C a~ aCblcq ~albla~b2C az%%~o% C aac%%~8 �9 . . 

2." ~a2N_l_b2N_la2Nb2NC aZN~X 4N +l %zN~C4N t 2 > ~toh:~,l't ~/'o:6~xdzs 

�9 . . ~c~4~+1:r  

Noting that 
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we bring formula (2.8) to the form 

�9 �9 �9 ~O~4N_I%NO:4N+Iot4N+2Ta4"N~_lC~4Nt.2 , (3.3) 

Substituting formula (3.3) into (2.7), we find that 3jk = 3':'5jk" The 
macroscopic thermoelasticity coefficient . 8 ,  is determined by the for- 
mula 

oo 
, ~ . ~ (  ~ , ~  . ,, 

�9 . . ~CZ4N_I%N%N+I~4N+2T:~4N+I%N+2 , ( 3 . 4 )  

Let us calculate the sum of the series on the right-hand side. For 
this, we introduce the operator A, which converts the tensor of rank 
two a = ajk into the tensor b = bjk such that the equation b = Aa is 
equivalent to the relation 

-I_l, ,' 
bj]; = P~o ~- j t a b ~ a ~ e d a e d  . (3 .5 )  

With the aid of this operator, formula (3.4) can be: represented as 

8. = ~0 -- l/a *~= , (3.6) 

where the tensor ~ = r is equal to the sum of the series 

co i ~N+I 
,=  ( - v /  

N = I  
(3.7) 

(y" is a tensor with components 7cd3"). The right-hand side of formula 
(3.7) is a solution of the operator equation 

r + 1/air = 1hAy" (3.8) 

which represents a system of linear algebraic equations in the compo- 
nents r The number of equations depends on the class of the strue- 
ture (but does not exceed three). In the case of cubic crystaIs, all 
7a6" = 0, and, therefore, a l l e a8  = 0. In this case, the correlation 

corrections for the averaged thermoelasticity constants vanish. 
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